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Bank-to-Turn Missile Guidance with Radar Imaging Constraints
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The problem of optimizing the trajectory for an air-to-surface missile using bank-to-turn steering is addressed.
The missile uses a radar imaging seeker to detect targets. A cruise missile scenario is considered that is characterized
by low-level flight, followed by a climb and dive onto the target (a “bunt” trajectory). The use of a radar imaging
seeker imposes constraints on the missile’s trajectory, and these constraints must be made an integral part of
any optimization problem. Examples are presented that show that the launch crossrange offset, terminal angle
constraints, and the constraints associated with Doppler beam sharpening radars all have a strong influence on
the optimal controls. These results provide useful insight into the flight trajectories of these missiles and the way

in which they might be implemented.

Nomenclature

A, Ay = horizontal and vertical acceleration
demands, ms2

Apxs Apy, Az = accelerations achieved
(body axes), ms—2

ALy AL = accelerations sensed at
accelerometers (body axes), ms™>

Aya, Azq = acceleration demands (yaw and
pitch, respectively), ms—2

ap, ay, a = coefficients for air density
polynomial, kg - m~3, kg - m™*, and
kg -m™, respectively

bo, b1, by = coefficients for sonic speed
polynomial, ms~!, s7!, and
m~'s™!, respectively

Cip,Cis,Cip = roll stability derivatives, rad~!

C0s Csy Cuas Cing = pitch stability derivatives, rad~!

Cury Crs, Cup = yaw stability derivatives, rad™!

C.,C,,C. = aerodynamic coefficients

C.0, Cra = axial stability derivatives, rad™'

Cyp, Cys = body sideforce stability
derivatives, rad~!

C.0,C.q, Cos = body lift force stability
derivatives, rad ™!

c(+) = cosine of angle

¢, Ch = scaling factors for
performance index

d = distance from accelerometer to

center of gravity in body x axis, m
coefficients for Doppler beam
sharpening (DBS) angle
profiling function
F., Fy,F, = aerodynamic forces in body axes, N
= function for desired DBS
angle behavior

dy, dy, d>, ds, dy, ds =
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acceleration due to gravity, ms—2

roll, pitch, and yaw moment of
inertias, kg - m?

product of inertia, kg - m?
performance index

pitch autopilot gains

yaw autopilot gains

roll autopilot gains

parabolic drag coefficient
external moments, N - m
reference length, m

Mach number

missile mass, kg

number of discretization intervals
roll, pitch, and yaw rates, deg/s
rate demands for autopilot

loops, deg/s

piecewise constant function
coefficients for acceleration
demand initial guess polynomial
dynamic pressure, kgm™!s~2
range to go, m

downrange, crossrange, and
altitude, respectively, m

target coordinates, m

coefficients for roll demand initial
guess polynomial

reference area, m?

specific fuel consumption,

kg/(N - s)

speed of sound, ms~
sine of angle
applied thrust, N
demanded thrust, N
current time and final times,
respectively, s

velocity components in

body axes, ms™!

inertial space frame components of
the velocity vector, ms™!

unit velocity components in
inertial axes

total missile speed, ms™
target offset in downrange,
crossrange, and altitude, m

pitch and yaw autopilot integrator
outputs, rad
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Xsy Vs Zs = unit sightline vector components in
inertial axes

Xsws Ysws Zsw = unit sightline vector components in
velocity axes

a, B = angles of incidence and sideslip,
respectively, deg

V. X = flight path and heading angle,
respectively, deg

A = crossrange resolution, m

8y, 84,6, = fin angle demands, rad

(S;), 5(’[, 8, = fin angles achieved, rad

ot = DBS integration period, s

€ = throttle setting

C] = seeker pitch gimbal angle, deg

Or = total angle between velocity and
sightline, deg

0,v, ¢ = pitch, yaw, and roll angles,
respectively, deg

A = wavelength, m

8, A = DBS angles in azimuth and
elevation, respectively, deg

0 = air density, kg - m™3

T = roll autopilot rate loop time
constant, s

o = seeker roll gimbal angle, deg

bu = roll autopilot demand, deg

1. Introduction

URRENT air-to-surface cruise missiles use both global posi-

tioning systems (GPS) and an inertial navigation system (INS)
to navigate to a designated target. A terrain database is prestored in
the missile flight computer, and the missile will fly at low altitudes
to evade detection by air defense units. A typical cruise missile will
also fly through designated waypoints for route planning purposes.
During midcourse guidance, a combination of GPS, INS, and terrain
stored data are blended in the guidance command calculations. For
enhanced lethality, some missions require a climb and dive on to the
target in the terminal phase (a “bunt” trajectory). In these cases the
missile will “pop up” in altitude at a designated range to go. During
the terminal climb, a seeker is used to acquire the target, and the
guidance laws are designed to achieve a required impact angle and
miss distance.

Recently, there has been interest in the use of radar imaging for
precision guidance. Fine resolution in downrange can be achieved
using short transmitted pulses or pulse compression techniques, and
improved crossrange resolution can be accomplished using Doppler
beam sharpening (DBS) processing. When DBS is used, a radar
image of the terrain is generated and is continually updated during
flight. The radar image is used to identify features of the terrain,
locate targets, and, finally, to select an aimpoint on the target. DBS
exploits the fact that within a single range resolution cell scatterers
have different Doppler shifts (due to different angular offsets), which
can be resolved using Doppler filtering. The pulse returns in each
range bin are stored over the DBS integration period, corrected for
phase deviations using the INS (autofocusing), and then summed
and transformed into a radar image using Doppler filtering. Further
details on DBS signal processing can be found in Refs. 1 and 2. We
consider the geometric constraints that radar imaging imposes on
the missile trajectory when bank-to-turn (BTT) steering is used. For
crossrange resolution purposes, DBS imposes a constraint on the
missile flight path, which needs to be offset in azimuth angle from
the sightline vector. The exact angular offset required depends on a
number of factors, including the missile speed, mechanical/airframe
limits, and the DBS integration period.

For DBS radars, conventional guidance methods such as propor-
tional navigation are inappropriate because they do not address the
need to maintain a velocity component perpendicular to the sightline
vector. A transverse velocity component is critical for the success-
ful implementation of DBS because this induces the differential
Doppler shift required to resolve scatterers in crossrange. It is not

possible to both image and home in on the target for the whole en-
gagement. One method of resolving this conflict is to use DBS for
target recognition and aimpoint selection and to transfer from DBS
mode to real-beam monopulse for final terminal guidance, for exam-
ple, over the last 2 km. This approach requires the correlation of the
real beam and the final radar image from handover to impact. The
seeker then extracts the angular errors from the range/Doppler cells
and uses an angle tracking filter to derive sightline rate estimates.
Another possible technique is to employ DBS up to a very short
range (of approximately 500 m) while tracking a selected aimpoint
on the DBS image.

Following a brief summary of previous research, the missile
model is developed in Sec. II. The model uses linearized aerodynam-
ics and contains autopilot loops, actuators, standard atmospheric
data and an engine model. It is based on a six-degree-of-freedom
(six-DOF) representation of a BTT airframe. It is usually necessary
to simplify the complex dynamic model for optimization purposes,
and methods for doing this are described. To validate the optimal
control laws, they are fed into the full six-DOF model as reference
autopilot inputs, and the output trajectories are compared with those
of the simplified model.

In Sec. III, the problem requirements, some of which are con-
flicting, are translated into an optimal control problem. Because the
equations of motion are nonlinear, analytic means of solving these
optimization problems are difficult to apply, and recourse to numer-
ical optimization is, therefore, necessary. The infinite dimensional
optimal control problem can be converted into a finite dimensional
parameter optimization problem via a discretization scheme. The re-
sulting problem can then be solved using a nonlinear programming
technique such as sequential quadratic programming. An optimal
control toolbox based on the algorithms described in Ref. 3 is used
for the numerical computations. The methodology is further ex-
plained in Sec. III, and the results are presented in Sec. IV. The
results are then discussed and a number of conclusions drawn.

In a previous paper,* a similar problem was investigated for an
airframe using skid-to-turn (STT) steering. In this study, a simplified
(quadratic) model of the missile airframe and autopilot closed loop
was used. A 5-km initial crossrange offset was imposed, and op-
timal trajectories, which fulfilled the various mission constraints,
were generated. This paper augments this previous study by inves-
tigating the use of BTT control methods. BTT trajectories for DBS
radars have not been reported on in the open literature, and this
paper investigates some of the guidance issues associated with this
problem. The use of BTT guidance is motivated by the fact that
a BTT missile can be designed to be lighter, stealthier, and more
aerodynamically efficient (by exploiting higher lift-to-drag ratios).
With BTT steering, the missile’s lateral acceleration is achieved
by rolling the missile body, thereby causing the aerodynamic lift
vector to both counteract gravity and produce a sideforce. The op-
timization of BTT trajectories is a challenging problem because
the controls and the airframe dynamics are coupled through the
roll angle and the roll rate. BTT control and guidance logic and
trajectory optimization have received considerable interest in the
past decade, and it is worth briefly reviewing some of that work.
Some of the practical issues associated with BTT missile guidance
(as compared with STT guidance) are addressed in Ref. 5. The
performance of various BTT steering laws is then discussed and
evaluated. Autopilot design for BTT missiles using robust control
has also been reported in Refs. 6-8. The use of polar converting
logic is discussed in Ref. 9, and an alternative method based on the
nonzero effort miss is proposed to compute guidance commands for
a BTT missile.

Apart from the papers in the missile guidance field, there is
a substantial body of research on trajectory optimization for re-
lated aerospace guidance problems. Previous research can be char-
acterized as trajectory studies that analyze open-loop solutions
and closed-loop guidance that addresses potential implementa-
tion schemes. For trajectory studies, most authors adopt simpli-
fied point-mass models, though there is some research on the use
of higher-order body rate models for optimization.! Examples of
BTT trajectory studies using numerical optimal control include
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minimum-time-to-turn problems for fighter aircraft in Refs. 10 and
11 and low-altitude fly-to-point maneuvers in Ref. 12.

Various classical techniques for stabilization about a nomi-
nal trajectory are neighboring optimal control,'® linear quadratic
regulator,'* and predictive control!® methods. In Ref. 16, trajectory
tracking for unmanned air vehicles (UAV) is considered. Reference
trajectories are specified in an inertial frame, and robust control
theory is used to design a sequence of linear controllers to track
trimming trajectories. In Ref. 17, an approximate receding hori-
zon control law is used to track reference trajectories for a reentry
guidance problem. In contrast to traditional approaches, the method
formulates the tracking problem as a linear time-varying stabiliza-
tion problem, and a receding horizon control law is proposed that
stabilizes the system over a finite horizon. If tracking a single nomi-
nal trajectory is seen as limiting, methods such as those investigated
in Ref. 18 are applicable. Here, a whole field of extremals is stored,
and neural networks are used to interpolate the optimal controls.
The application in this paper is for a hypersonic launch vehicle with
a potential elevon failure.

An alternative method of implementing optimal trajectories is
to solve the (nonlinear) optimal control problem repeatedly online,
using the optimal controls as inputs in a guidance scheme. In this
case, the repeated update of the optimal controls generates a feed-
back mechanism. For aerospace systems, fast dynamics mean that
the computational delay in arriving at an optimal solution cannot be
ignored from a stability viewpoint. Of recent interest are the inverse
dynamic methods that exploit system structure. In Ref. 19, differ-
ential flatness is used to reduce the dimensionality of the optimal
control problem by searching for flat outputs and mapping these to
the full state space. In aerospace problems, most practical systems
are underactuated and have saturation limits, and so this technique
is not easy to apply directly. An interesting solution to this is pre-
sented in Ref. 20, in which artificial pseudocontrols are introduced
and maneuvers for an UAV are computed using this technique.

Terminal guidance for air-to-surface missiles with DBS radars is
a relatively new research area reflecting that radar imaging sensors
have not been proposed for missile guidance until very recently.
In Ref. 21, DBS trajectories are parameterized using circular arcs,
and an acceleration profile is derived from these parametric curves
using a specific guidance law. An alternative approach to curve pa-
rameterization is to employ a trajectory optimization procedure. In
Ref. 22, open-loop STT DBS trajectories are obtained using trajec-
tory optimization of a point-mass model. The trajectories studied
assume an initial altitude offset of 1 km and terminal approach an-
gle constraints. A fixed crossrange resolution is specified as a path
constraint, and the profile of the DBS trajectory is determined via
this constraint. The open-loop optimal trajectories are then approx-
imated by matching the closed-loop guidance law of Ref. 21 to the
open-loop controls.

II. Model

The six-DOF model used in this study is based on a fin-controlled
cruise missile. Most missiles have three autopilots for the roll, pitch,
and yaw channels that generate the fin actuation signals internally.

The deflections of the fins generate torques that rotate the missile
airframe to achieve the commanded accelerations and roll angle
command. Feedback of the achieved accelerations and the mea-
sured roll angle enables the missile to track the commanded signals.
An overview of the missile system is shown in Fig. 1. Missiles gen-
erally employ either STT or BTT steering. The choice of steering
law is dictated by a number of factors such as the airframe design,
the propulsion system, and the type of sensors employed. In an STT
missile, the desired pitch and yaw accelerations are computed in
missile body axes from the guidance law, and the missile is stabi-
lized in roll. For a BTT system two controls are used to steer the
missile. The missile pitch plane (the xz plane in missile body axes)
is rotated by the roll angle, and a total acceleration command in the
pitch plane is specified and sent to the pitch autopilot (Fig. 2). As a
result, a BTT steering law can be envisaged as generating an accel-
eration vector in the missile pitch plane, the magnitude of the vector
being specified by the total acceleration command and its orientation
(relative to inertial axes) specified by the roll angle. Ina BTT system,
the pitch and roll channels are principally used to guide the missile.
Conventionally, closed-loop guidance is accomplished by calculat-
ing the horizontal and vertical acceleration demands A;, and A, via
the guidance law. A Cartesian-to-polar transformation coupled with
BTT logic is used to convert these acceleration demands to equiva-
lent BTT steering commands (total pitch acceleration A, and roll
angle demand ¢,). The steering commands are then passed to the
autopilot loops for implementation, resulting in an achieved pitch
acceleration A,,, and roll angle ¢ (Fig. 2). Given the horizontal and
vertical acceleration demands A, and A,, the choice of STT or BTT
steering can be selected arbitrarily, and, in some scenarios, it may be
preferable to use mixed steering to combine the advantages of both
steering laws, provided that this is compatible with the airframe and
engine requirements. Such an approach might be used in an anti-
air context in which the advantages of STT (faster response time,
smaller miss distance) could be combined with the extended range
obtained using BTT steering. However, when computing open-loop
optimal controls, the Cartesian-to-polar transformation cannot be
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used to select a steering law arbitrarily because the position states
are required and the transformation matrix from missile body axes to
inertial axes would be different for BTT or STT. It is possible to al-
low the optimizer choose the steering law. For instance, if the pitch,
roll, and yaw demands are chosen as the controls then either BTT
or STT, or a mixed strategy, could be selected. This presupposes an
airframe that is capable of implementing either steering law. In this
paper, BTT steering is assumed. The natural choice of control vari-
ables for this problem are the pitch and roll autopilot inputs (A., and
¢4 in Fig. 2). An equally valid approach uses the Cartesian acceler-
ation demands A, and A,, but this requires the use of complex BTT
logic to generate the roll demand ¢,, and this logic cannot easily be
implemented in an optimal control formulation. The outer guidance
loop is cut, and reference commands are computed that are sent
to each of the autopilots for implementation. (See Fig. 1, in which
the dotted lines effectively represent the system without a guidance
loop.) The autopilot dynamics are included in the model used for
optimization. This provides a higher fidelity representation of the
missile dynamics. The aerodynamic data are supplied at a particular
reference flight condition. The main modeling assumptions are as
follows:

1) The aerodynamic stability derivatives are constant throughout
the flight.

2) The target coordinates are fixed and known in advance.

3) The seeker tracking dynamics are perfect.

4) The missile moves in a still air mass (wind is neglected).

5) INS and instrumentation errors are neglected.

6) The missile’s main body product of inertia /,, is neglected.

7) Maximum thrust is used throughout the terminal guidance
phase.

8) The ground terrain is flat and level.

A. Vehicle Equations
The standard flight equations for a missile in body-fixed axes over
a “flat Earth” are

mU = F, +T —mgsin®) —rV +qW (1)
mV = F, + mgsin(¢) cos(9) + pW —rU )
mW = F. + mg cos(¢) cos(0) + qU — pV (3)

where F,, Fy, and F; are the aerodynamic forces. The gravitational
force components are treated separately. The rotational dynamics
are expressed as

p=(L/1) — (L. — 1,,) /L. )gr 4)
Gg=WM/Ly) =Ly — L)1, Irp ®)
i = (N/L.) — (I, — L)/ I..1pq (6)

where L, M, and N are the external moments acting on the mis-
sile. The calculation of the aerodynamic forces and moments acting
on the missile generally requires the use of lookup tables that are
based on wind-tunnel data. For this study, we consider linearized
aerodynamics, which are based on Taylor series expansions about a
particular reference flight condition. For small angles of incidence,
the aerodynamic lift force in body axes can be modeled as being
linearly dependent on the angle of incidence and the fin deflection.
Similarly, the sideforce is modeled to be linearly dependent on the
sideslip angle and the rudder deflection. The drag is modeled as
a quadratic function of incidence with a parasitic component. The
drag due to the fin deflections is neglected. Given this, one obtains

Fy = QSC, = 0S[Cyo + (kCo)e’] (7

Fy, = QSC, = O0S[CysB + (Cys),] (®)
F. = QSCZ = QS[C:O +C:aa + (CZB)S(,[] (9)

in which the dynamic pressure is
Q=pV}[2=pW+ V> +W?)/2 (10)
The aerodynamic moments are modeled as
L = QSLICipB + Ciplep/ Vi + (C13)8),] (11)
M = QSL[Cpo + Ca + Cuuglrq/Vi + (Cs)8, ] (12)
N = OSLICopB + Corlyr [V + (Cus)8]] (13)

The angles of incidence and sideslip can be calculated from the
components of the velocity vector in body axes:

o« =tan”! WwW/U) (14)
B =sin"'(V/V) (15)

For small angles, these functions can be approximated by the argu-
ment itself. For a BTT missile, it is desirable to keep the sideslip
small, which implies V & 0.0. The speed of sound and air density
vary with altitude. Tabulated data from the 1976 U.S. Standard At-
mosphere model®* were obtained at discrete altitudes up to a maxi-
mum altitude of 2500 m, and polynomials were used to approximate
the air density p and sonic speed S, as a function of altitude. The
model equations were

P =ao +a1Rsz+a2RSZZ (16)
Ss :b0+blez +b2RS2; (17)
where ay=1.225 kg- m™>, a;=—1.1725x 10~ kg - m™*, a, =
4.0162 x 10™° kg-m™, by =340.3 ms~!, b =—0.0038 s!, and
b, = —2.28 x 10~8 m~'s~!. Given the forces and moments, the mis-

sile orientation and position can be calculated via a set of kinematic
equations. The Euler angles can be calculated as

qS = p + g tan(#) sin(¢) + r tan(0) cos(¢) (18)
6 = g cos(p) — r sin(¢) (19)
¥ = qlsin(¢)/cos(0)] + r[cos(¢) /cos(6)] (20

and the missile position in inertial axes is calculated as

Ry =V 1)
Ry =V, (22)
R,. =V, (23)
where
Ve = Ulc@)c()] + VIs@)s@)c() — c(@)s(P)]
+Wls(@)s(¥) + c(@)s@)c()] 24)
Viy = Ule@®s()] + VIc@)c(y) + s(@)s@)s(¥)]
+Wlc(@)s(@)s(¥) — s(@)c(y)] (25)
Vi: = Uls@)] — VIs(@)c(0)] — Wlc(@)c(0)] (26)

in which cos(-) and sin(-) are abbreviated as c¢(-) and s(-), respec-
tively, and positive altitude corresponds to a height above sea level.
The flight path and the heading angles describe the orientation of the
velocity vector with respect to inertial axes. These can be calculated
from the inertial space velocity components as

y =sin~! (Vi./V)) @7

x =tan""' (Viy/Vir) (28)
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B. Engine Model

The engine model represents spoolup delays and the effect of
altitude on the maximum demanded thrust and is based on a (scaled)
turbojet model. The maximum thrust at sea level and a number of
discrete altitudes were used to inform the engine model. The thrust
reduction with altitude is approximately linear for low (less than
2000-m) altitudes. The effect of the Mach number on the maximum
thrust was neglected, and the maximum thrust is modeled as

Tiem = (4500 — 0.3R,.)e (29)

The demanded thrust is multiplied by the throttle setting € and passed
through a lumped first-order lag (of 1 s). The applied thrust is then
used in the dynamic equations. The engine dynamics are represented
as a lumped first-order lag of 1 s:

T =~T + Tyem (30)

As the missile generates thrust by expending fuel, the mass of the
missile reduces. The relevant equation for estimating the fuel flow
is

m = —(T)SFC 3D

where SFC is the specific fuel consumption of the engine and the
initial condition in Eq. (31) corresponds to the initial missile mass
(1200 kg) at the start of terminal guidance. For the purposes of this
study, the SFC was assumed to be constant.

C. Autopilot and Actuator Equations

The missile control is achieved via pitch, roll, and yaw autopi-
lots that track reference commands. Most tactical missile autopi-
lots are composed of an outer acceleration loop and an inner body-
rate loop for the control of the pitch and yaw channels. For a BTT
missile, the yaw channel is decoupled and given a zero reference,
whereas the pitch acceleration demand and roll angle demand are
the main control variables. The function of the autopilots is to pro-
vide good command following and disturbance rejection in the
presence of modeling uncertainties, as well as generating the ac-
tuation signals necessary to track the reference command signals.
For constant aerodynamic stability derivatives, fixed-gain autopilots
can achieve a satisfactory tracking response. With varying stability
derivatives, the autopilot would be gain scheduled, for example, as
a function of Mach number. The trajectory optimization procedure
can be extended to gain-scheduled autopilots using smooth inter-
polating functions. The autopilot should also be compensated for
gravity and rolling motion. For brevity, the autopilot equations are
merely stated with the loop gains being selected to provide a sat-
isfactory tracking response. Without actuator dynamics, the pitch
and yaw closed-loop autopilot responses can be shown to be equiv-
alent to third-order transfer functions. Because the pitch and yaw
autopilots contain an integrator in the forward loop, the internal
dynamics for the acceleration autopilot loops can be modeled as
follows:
Xp = Kip(Aa — A,.) — Kaplg cos(8) cos(¢) + A, ]

mz

—K3,(q) + Kig(da — )P (32)
¥p = K1,(0 — A},) + Kay[g cos(8) sin(¢) + A,,]
— K5, (r) + K1y (da — P (33)

where A, and ¢, represent the pitch and roll demands, respectively.
The tracking error signals are multiplied by gains K, and K, and
there is feedback of the body rates ¢ and r and both roll and gravita-
tional compensation. The roll compensation terms are functions of
the angles of incidence and sideslip; these angles would have to be
estimated from measured data. Note that although the yaw autopilot
input is zero, the output may be nonzero. The yaw autopilot is used
primarily to regulate the sideslip angle. Because the accelerometers
are not placed at the center of gravity, the measured accelerations

(A,,,, A;,) will differ from the accelerations at the center of mass

(Apy, Anz). These are related by the following moment arm terms:
A;,,y = A, +dF) (34)
A=Ay —d@q) (35)

where d is the axial distance between the accelerometer triad and
the center of gravity in body axes. The fin angles are related to the
autopilot states by

8y = Kip(da — &) — K1y (p) (36)
8, =%, — Kup(@) (37)
8 = Yp — K4Av(r) (38)

where K4, Ky, K4,, and Ky, are autopilot gains. The three au-
topilot output signals §,, §,, and §, have to be mixed before their
application to the four aerodynamic control surfaces. (See Ref. 24
for the relevant equations.) The control surface actuators are mod-
eled as second-order filters with angle (25 deg) and angle rate limits
(500 deg/s). The achieved control surface signals are then recom-
bined to generate the signals &7, &, and §; that are used in aerody-
namic equations.

D. DBS and Gimbal Angle Equations

The gimbal angles ® and ® are defined as the angles between the
missile antenna and body-fixed x axis, and the relevant equations
for the inner pitch, outer roll gimbal mechanism assumed in this
study can be found in Ref. 24. The main factor impacting on the
crossrange resolution is the azimuth angle between the velocity and
sightline vectors. Other factors that are, to some extent, controllable
are the range, the missile speed, and the angle between the velocity
and sightline in elevation. When coherent DBS processing is used,
the crossrange resolution is given by (Ref. 4)

Ao RA
T 2V,(81) sin(E) cos(A)

From this equation, one sees that the azimuth DBS angle E should
be kept large to minimize the crossrange resolution. In the azimuth
plane, this requires tight control of the missile velocity vector. In
addition, the elevation DBS angle A should be kept small. A steep
bunt requirement will lead to larger values of A and a higher speed
drop that will degrade the crossrange resolution. The ideal DBS
trajectory for imaging is a spiral toward the target, but this is not
practical due to extended flight times, and so other methods of tra-
jectory generation need to be considered. Table 1 shows the seeker
parameters assumed for this study. See the Appendix for DBS angle
derivation calculations.

(39)

E. Airframe Parameters

The airframe parameters used in this study are listed in Table 2.
Whereas the mass varies with the fuel load, all of the other param-
eters are assumed to be constant.

F. Model Simplifications

To keep the optimal control computations manageable, the model
used for computing the optimal controls was simplified. The full
six-DOF model includes the presence of fast states such as roll rate
and discontinuities such as saturation functions, and these can cause
difficulties for the optimizer. In flight dynamics, it is well known that
timescale separations exist. There are fast states associated with the
body-rate dynamics and slower states corresponding to the position
and velocity states. Most difficulty is associated with the roll rate

Table 1 DBS parameters

Parameter Value
Transmit frequency, GHz 35
Wavelength, m 0.0085

Seeker coherent integration period ¢, s 0.3,04,0.5
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Table 2 Missile data

Parameter Value

Initial mass m, kg 1200
Roll, pitch, and yaw inertia 60, 1500, 1600
Ly, Iyy, and /.;, kg - m?

Distance from accelerometer 0.5

to center of gravity d, m
Parabolic drag coefficient k 5.0
Reference length /,,, m 0.63
Reference area S, m? 03117
Axial derivatives Cyg, Cyq, rad ! 0.17, 0.69
Sideforce derivatives Cg, Cys, rad™! —22.92, —2.29

Normal force derivatives
C-0, Czq, Cy5, 1ad™!
Roll moment derivatives
Cig, Cip, Cis, rad~!
Pitch moment derivatives
Cmo> Cmas Cinss Cmq’ rad™!
Yaw moment derivatives
Cngs Cus, Chr, rad~!
Pitch autopilot gains
Kl/:s K2p» K3ps K4p
Yaw autopilot gains
K1y, K2y, K3y, Ky
Roll autopilot gains K¢, Ky,
SFC, kg/(N - s)

—0.39, —24.64, —-2.64
—2.58, —15, 0.5901
0.04, =5.73, —9.45, —105
6.30, 7.54, —80
0.96, —0.09, —25.20, —1.72
1.34,0.12, 31.55, 2.29

18.31, 0.58
0.0000406

dynamics and the angular accelerations, and these terms have been
simplified in the model used for optimization.

The roll autopilot loop consists of an outer (angle) loop and an
inner body-rate loop. With the inner body-rate loop, a body-rate de-
mand is generated, and the achieved roll rate is fed back to augment
the speed of response of the loop. A suitable approximation for the
roll rate is thus

Ddem = Kip(Pa — @) (40)
D~ Pdem/(1 + 5T) 41)

where K4 is the roll autopilot gain. The lag v accounts for the dy-
namics of the roll rate response. A suitable value for the lag can be
easily obtained from the roll loop transfer functions. Equations (40)
and (41) are essentially a mapping from roll angle demand to roll
rate that uses the autopilot transfer functions to obtain body rates.
(A similar method can also be applied to the pitch and yaw au-
topilots.) The other simplification concerns the attitude dynamics,
where cross-product terms due to roll rate in Egs. (5) and (6) are
neglected. Essentially, this means that the applied pitch and yaw
moments alone generate pitch and yaw angular accelerations:

g~ M/, 42)
AN @3)

Further testing confirmed that very little fidelity is gained from in-
cluding the cross-product terms, and so neglecting them is an ac-
ceptable approximation. Finally, we assume that the missile executes
coordinated turns with small sideslip. This can be used to simplify
the position differential equations because the y velocity component
in body axes V in Eqs. (24-26) can be taken to be zero. After the
optimal controls are computed, they are fed into the full six-DOF
model in which the approximations explained in this section are re-
moved. The differences between the two models are minor, thereby
validating the model used for the optimal control calculations.

III. Optimal Control Problem Formulation

To compute the optimal controls, it is necessary to convert the
main mission requirements into a mathematical optimal control
problem. The key mission requirements include 1) minimizing
the exposure time and peak height for stealth purposes; 2) mini-
mizing the crossrange resolution during approach (ensuring high-
resolution images are obtained); 3) ensuring satisfaction of mechan-

ical and physical constraints, for example, gimbal angles and control
bounds; 4) keeping the missile speed and incidence within satisfac-
tory bounds; 5) lethality constraints (minimizing the miss distance
and incidence at impact and satisfying and any impact angle con-
straint); and 6) ensuring adequate ground clearance.

A. [Initial Conditions

The initial conditions of the missile are Ry, (0) =0, R;,(0) =0,
R;. =60, U(0)=272, V(0)=0, W(0) =0, ¢(0)=0, 6(0)=0,
¥(0)=0, p(0)=0, g(0)=0, r(0) =0, m(0) =1200, x,(0)=0,
¥p(0) =0, and T (0) =4500. These describe a missile with an initial
mass of 1200 kg that is 60 m above sea level and is flying straight
and level at Mach 0.8 using a nominal thrust of 4500 N.

B. Cost Function
The choice of cost function and constraint set for the missile
control are described next. The following cost function was selected:

f/’
=0 / [(Rs_, —30)% + ﬁ] dr (44)
0

Ch

which penalizes deviations away from the reference datum of 30 m,
as well as the flight time. The scaling factors ¢, and ¢, ensure that
these objectives are appropriately balanced. This choice of cost func-
tion is motivated by the need for a stealthy low-altitude approach.
The ¢, term is only used in the cases where variable throttle is consid-
ered. If the thrust is variable, the second term prevents the optimizer
from reducing the turn radius by throttling off. Speed reductions of
this type are undesirable because they lead to extended flight times
and low impact speeds.

C. Control Bounds

The controls are bounded by the maximum allowable accelera-
tion, as well as the maximum roll angle through which the airframe
can be rotated. Thus,

|Azd

< 40 ms~2, vt € [0, tf] (45)

|¢pa| < 80 deg, vt € [0, tf] (46)
which correspond to approximately 4-g pitch acceleration capability
and 80 deg of bank angle. The acceleration capability impacts on
the maximum turn rate of the missile and is particularly important
in a radar imaging context because the missile may have to turn
very rapidly to home-in on the target successfully. For controllable
throttle scenarios, the bounds on the throttle setting are

02<e<10, vt € [0, tf] (47)
where 1.0 corresponds to full demanded thrust and 0.2 is the lower
bound on the throttle setting, corresponding to an idling mode for
the engine. The control variables include the total pitch accelera-
tion demand, the missile roll angle, and the throttle setting (when
applicable).

D. Terminal Constraints

End position constraints, or target coordinates, are required and
are based on estimates that the terminal guidance phase would start
approximately 15 km away from the target. The crossrange offset
is variable depending on the case studied. In the nominal case, it is
assumed that no crossrange offset is imposed. The terminal position
constraints are then

Ry (tf) = 15,000 m (48)
Ry (t;) =0m (49)
R, (t;) =20m (50)

An aim-off point 20 m above the target is selected as the desired
terminal z position. For a terminal impact angle of 15 deg from a
vertical reference, a body attitude of —75 deg is needed. [The ideal
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impact angle for lethality purposes is 0 deg from a vertical reference,
corresponding to 6 (¢;) = —90 deg.] It is also desirable to minimize
the incidence at the impact point to align the missile body and flight
path so that the following constraints are imposed:

O(ty) = —75 deg (28]
a(t;) = 0deg (52)

E. Path Constraints

The path constraints arise from the need to respect a minimum
ground clearance level, the seeker gimbal angle limits, speed con-
straints, and the DBS constraints. A state constraint that enforces a
minimum ground clearance is

R, > 10 m, vt € [0, t] (53)
This level is chosen arbitrarily and depends on the g capability of
the missile, as well as its speed. It is important for the missile to steer
clear of the transonic/supersonic region because the aerodynamics
change rapidly near this region, making the missile airframe difficult
to control. An upper speed limit is, therefore, imposed on the Mach
number M,,:

M, <091,  Viel0,1] (54)

which corresponds to an upper speed limit of 310 ms~' at sea level.
For a gimbaled seeker, the gimbal angle limits are an important
consideration. For an inner pitch, outer roll gimbaled seeker, a pitch
gimbal angle limit of 45 deg is imposed:

|®] < 45 deg, vt € [0, t/] (55)
The roll gimbal is not constrained by any mechanical angle lim-
its. The requirement for radar imaging is more difficult to handle
because it is not obvious how to guarantee a desired crossrange
resolution at any specified range. One method is to specify the de-
sired crossrange resolution as a function of range and impose a
path constraint. The DBS angles and speed will then be determined
implicitly [through Eq. (39)] to satisfy the imaging requirements.
However, the crossrange resolution function in Eq. (39) is not well-
behaved numerically, and singularities exist at zero DBS azimuth
angle (E =0.0). For a nominal missile speed and fixed seeker pa-
rameters, the main factor impacting on the crossrange resolution
is the azimuth angle between the velocity and the sightline. Up to
handover to real-beam guidance, that is, up to approximately 2-km
range to go, the azimuth angle should be maintained between 10
and 40 deg, the upper limit being constrained by the gimbal angle
limits and the maximum g capability of the missile. The exact angle
required depends on the crossrange resolution desired and the inte-
gration period §¢ in Eq. (39). It is clear that if larger DBS azimuth
angles are developed, more control action near the end of the trajec-
tory will be required to intercept the target. Following handover, the
DBS azimuth angle will decrease, possibly rapidly, to zero to home-
in on the target. To assist the optimization process, the azimuth angle
is controlled using a smooth function. A path constraint is then im-
posed on the DBS azimuth angle using this function. The form of
the function is obtained by adding exponential and cosine functions
that are parameterized by the downrange:

f(Ry) = do + cos’[dy (Ry, + )] + ds explds(R,, — ds)] (56)

where the coefficients d; are appropriately chosen constants. The
coefficients for the nominal case (case A) were selected so that the
profiling function matches the broad characteristics of the DBS az-
imuth angle in previous studies; see Refs. 4 and 22. Manual tuning
of the coefficients was performed for the other cases to obtain an
appropriate angle behavior. Although the downrange is used in this
example, it is possible to use the range or time to go instead. The
constant dj is a small constant that acts as an offset. This term pre-
vents the use of large actuation signals near the initial time. The
cosine squared term controls the rolloff of the DBS azimuth angle,
and d, ensures that an appropriate segment of the cosine squared

Table 3 Constants for profiling functions

Case Constants

A do =0.0068, d; =0.000024, d, = 1000, d3 =0.0152,
ds =0.00067, ds = 11,400

B do=—0.0170, d; =0.00001, d» = 1000, d3 = 0.0090,
ds =0.00072, ds = 12,500

C do =0.004, d; =0.000025, d, = 1000, d3 =0.0118,

dy =0.00077, ds = 11,700
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Fig. 3 Profiling functions for DBS angle behavior.

function is elongated over the 0—15 km downrange axis. The ex-
ponential term ensures that the DBS azimuth angle can reduce to
zero, which allows the missile to intercept the target. The cosine of
the DBS azimuth angle is then required to be less than this function
over the whole trajectory, that is,

cos(B) < f, vt € [0, tf] (57)
The use of cos(E) ensures that it does not matter whether the missile
is at a negative or positive crossrange with respect to the target be-
cause a cosine function is an even function. Other types of behavior
can be parameterized by using the function in Eq. (56). Because the
paper investigates different initial geometries, different functions
are used for each test case. The coefficients used are listed in Ta-
ble 3. Case C permits the use of DBS up to a short (approximately
500-m) range to go, whereas the other cases require the seeker to
switch out of DBS mode at approximately 2-km range to go. An
example of the typical angle behaviors required for each test case
can be obtained by inserting the constants for each test case into
Eq. (56). The angle profiles used for each test case are displayed in
Fig. 3 as a function of downrange. Although these functions specify
the desired angle behavior, the exact DBS angle obtained may de-
viate from the boundary of these functions [though still satisfying
Eq. (57)]. This is dependent on the weighting on the DBS constraint
and the relative weightings of the cost function and the other con-
straints. (See Sec. II1.G, for further details.)

F. Choice of Initial Controls and Final Time

It is necessary to supply the optimization algorithm with initial
estimates for the control variables (pitch acceleration and roll de-
mand) and the final time. The scenarios considered in this paper
differ in the amount of crossrange offset, and so the initial controls
and final time are different for each case. The functional form of the
initial controls can be represented as polynomial functions of time:

Az(0) = pat* + pst® + pat® + pit + po (58)
$a(0) = rat> +rit +rg (59)

where A.;(0) and ¢,(0) refer to the control variables before run-
ning the optimization algorithm (iteration 0). The values for the
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Table 4 Initial estimates for final time and controls

Offset tr(0) Roll coefficients Pitch coefficients
3 km 56.5 ro=0.44,r = po=—11.17, p; =0.15, p, = —0.007,
r=2.09x 10~* p3=132x10"% py=—-9.25x 1077
0 and 1 km 54.0 ro=20.0,r1 =0.0, po=-9.81, p1 =0.0, p» =0.0,
r2=0.0 p3=0.0, p4=0.0

Table 5 Scaling factors

Constraint Scaling factor
Cost function ¢, 1077
Cost function ¢; 0.04
Terminal position constraints 0.01
Terminal pitch angle constraint 10.0
Terminal incidence constraint 10.0
DBS imaging constraint 1000
Mach constraint 10.0
Ground clearance constraint 0.1
Gimbal angle constraint 100

coefficients, along with the final time estimate, are shown in Table 4.
Note that for the 0- and 1-km offset cases the same initial estimate
is used. The final time estimates in these cases were obtained by
dividing the terminal downrange ordinate by an average speed esti-
mate. In the 3-km offset case, a conventional closed-loop guidance
method (proportional navigation in the horizontal plane and height
control in the vertical plane) was used to obtain the initial estimate.
If the throttle is a control variable, these estimates are supplemented
with

€(0)=1.0 (60)

These continuous control functions are then converted into dis-
cretized initial estimates by the procedure described in Sec. III.H.

G. Scaling Factors For Problem

The objective function and the associated constraints have to be
scaled to ensure that the various tradeoffs are properly weighted
against each other. It is advisable that the constraints and cost func-
tion have the same order of magnitude. Larger weights on the path
constraints were found to be more effective in avoiding large trans-
gressions and improving convergence. Table 5 lists the constraints
and the scaling factors used here. The cost function weightings cor-
respond to the ¢, and ¢, factors introduced in Eq. (44), where ¢, is
set to zero if full throttle is assumed.

H. Optimization Parameters

Numerical methods for solving optimal control problems have
advanced significantly over the past decade, and a good overview
can be found in Ref. 25. The various approaches are characterized
as direct and indirect methods. Indirect methods use the necessary
conditions of optimality (the minimum principle) to convert the op-
timal control problem into a two-point boundary value problem that
can be solved numerically using shooting methods. Direct methods
solve the optimization problem via a discretization scheme in con-
junction with nonlinear programming. The states and controls may
be nonlinear programming variables (full discretization), in which
case equality constraints relating to the state equations are imposed.
The resulting nonlinear programming problem can be solved effi-
ciently using large-scale quadratic programming methods that ex-
ploit sparsity.?> Alternatively, a smaller-sized problem is obtained
if the state trajectories are determined recursively using a suitable
integration algorithm, and the control space is searched for solutions
(control discretization). The algorithm employed in this study uses
piecewise constant functions to parameterize the control functions
and a Radau IIA integration algorithm to integrate the state equa-
tions. Adjoint variables are introduced to calculate the gradients.
An exact penalty function is used to deal with constraints, and the
Hessian is approximated using quasi-Newton updates. More details

Table 6 Optimization parameters

Optimization parameter Value
Optimality tolerance 1073
Number of discretization intervals N 400

Relative tolerance for state equations 103
Absolute tolerance for state equations 1073

on the algorithm design, the convergence analysis, and the perfor-
mance for sample optimal control problems are contained in Ref. 3.

Each control variable is discretized into a grid of N — 1 intervals,
and the piecewise constant values are adjusted on each iteration.
The continuous controls are, thus, discretized and parameterized as
follows:

N
Aa®) =) piDAG),

i=1

vt € [0, tf] (61)

N
$a(t) =Y pi(Opa),

vt € [0, tf] (62)

i=1
t =it;/N, i=1,2,....N (63)
pi(t) =1.0,1 € [t;, 1 41] (64)
pi(t) =0.0,1 € [t;, 1 1] (65)

Clearly, the optimization vector to be determined is composed of
A.q(i) and ¢4 (i), and the cost function and constraints can be re-
placed by their discretized equivalent forms. Note that both A, (i)
and ¢, (i) can take on any value within their bounds, and the final
time ¢ is also an optimization variable. The nonlinear programming
variables are adjusted on each major iteration to shape the trajectory.
The optimization parameters used are listed in Table 6. If a more ac-
curate solution is required, the integration tolerances can be reduced,
resulting in a finer mesh. For the cases with controllable throttle, a
similar discretization scheme is applied to the throttle setting, and
the number of optimization parameters is increased by N.

IV. Results

The aim of this section is to present and analyze three case studies.
In each case, an initial downrange offset of 15 km is assumed. By
varying the initial crossrange offset and impact angle constraints it is
possible to examine how the optimal controls and trajectories would
vary for these different mission profiles. The results of cases A and
B assume a switch to real-beam guidance at 2-km range to go, and
the DBS azimuth angle is usually reducing by this range to go. In
contrast, case C examines the feasibility of using DBS up to a much
shorter range to go (500 m) with a reduced terminal pitch impact
angle (45 deg). The differences between the cases are summarized
in Table 7. A number of performance metrics are included for each
case, enabling a comparison to be undertaken: 1) The missile expo-
sure time is calculated as the time spent above 100-m altitude. 2) The
bunt range is defined as the range to go when the missile crosses
the 100-m exposure height for the first time. All of the test cases
represent converged solutions to the optimization problem, and all
constraints are satisfied according to the optimality tolerance (ad-
justed by any scaling factors). For instance, the terminal position
accuracy will be of the order of 10~ m and both the incidence at
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Table 7 Summary of cases

Case
Constraint/control variables A B C
Terminal crossrange offset, km 0.0 3.0 1.0
Thrust controllable No Yes No
Number of control variables 2 3 2
Terminal pitch angle, deg =75 Free —45
Terminal yaw angle, deg Free Free —86
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Fig. 4 Three-dimensional trajectory (case A).

impact and impact angle error will be satisfied to a similar degree
of accuracy.

A. Case A: 0-Kilometer Offset

In the first case, it is assumed that the missile has no initial cross-
range offset. To obtain the DBS azimuth angle, it is necessary to
develop a crossrange offset so that the missile has to fly away from
the target initially in the ground plane to develop the necessary
crossrange offset for imaging purposes. This type of behavior can
be found in Ref. 22, where a similar ground plane trajectory is gen-
erated for a STT missile. The maximum crossrange offset required
will depend on how large the DBS azimuth angle is required to be,
which is principally determined by the profiling function constraint
in Eq. (56). The trajectories and controls are shown in three dimen-
sions in Fig. 4, with the two-dimensional plots shown in Figs. 5
and 6. In Figs. 5 and 6, the outputs of the six-DOF model with the
approximations of Sec. IL.F removed are displayed as well (dotted
lines). Because the six-DOF position outputs match the optimal po-
sition states very well, the dotted lines in Figs. 5 and 6 are barely
discernible. The deviations are an approximately 13-m difference in
peak height and a 3-m difference in the maximum crossrange offset,
thereby validating the model used for optimal control calculations.

As can be seen from Fig. 6, the missile initially uses 50 deg
of negative roll angle to steer away from the target and develop a
crossrange offset. After an appropriate heading angle is achieved,
the missile maintains this heading angle (by maintaining a small
roll angle) up to approximately 10.5 km downrange. The missile
then gradually increases its roll angle to turn back toward the target.
Increasing amounts of roll angle are used up until 12 km downrange
when the roll angle hits its saturation limit of 80 deg. When the pitch
command changes sign (from negative to positive in Fig. 5), negative
roll angle is needed to turn the missile toward the target over the
last 2-3 km in downrange. This is because the lift vector is pointing
downward after 12.5 km downrange. In contrast, atlonger ranges, for
example, 1 km downrange, where the lift vector is pointing upward,
apositive roll angle will turn the missile toward the target. This “snap
roll” is a feature of BTT trajectories!! and is more pronounced with
more aggressive trajectories. The snap roll couples into the seeker
dynamics and is also dependent on the roll angle control bounds.
The snap roll in this example occurs at approximately 12.5 km. At

I 1
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L T
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Fig. 5 Downrange/altitude profile and control (case A).
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Fig. 6 Downrange/crossrange profile and control (case A).

13 km downrange, the DBS azimuth angle has to be maintained,
and so the missile tends to offset its velocity vector from the target
sightline vector, resulting in a curved approach toward the target.
The roll angle does not reach its negative saturation limit after the
snap-roll because the magnitude of the pitch control facilitates the
generation of sideforce and the DBS azimuth angle is permitted to
reduce after 2-km range to go. The roll angle is then driven back to
zero over the final 2 km of downrange as the missile rolls back to a
wings level orientation in roll. The missile’s velocity vector becomes
aligned with the target sightline (at approximately 500-m range to
go), and the missile impacts the target with the specified impact
angle. The DBS azimuth angle and crossrange resolution are shown
in Fig. 7 as a function of downrange. The x axis in Fig. 7 is truncated
near the 14-km limit (at approximately 2-km range to go) because
the crossrange resolution becomes infinitely large when the DBS
azimuth angle E approaches zero. The initial crossrange resolution
is also poor because the DBS azimuth angle is initially zero, and so
the first 10 s (approximately 3 km downrange) is truncated so that
Fig. 7 is appropriately scaled.

The crossrange resolution is excellent in the critical 11-14-km
downrange interval (corresponding to approximately 4-2-km range
to go). A minimum crossrange resolution of less than 0.5 m is
achieved for all DBS integration periods. The sideslip angle is kept
small (less than 0.5 deg) throughout the trajectory. Periods of peak
roll rate tend to occur near the bank reversal time and near the end
of the trajectory, but these effects do not induce control surface
saturation.
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Fig. 8 Three-dimensional trajectory (case B).

B. Case B: 3-Kilometer Offset with No Impact Angle Constraint

The next case relaxes the need for a bunt trajectory because a
free terminal impact angle is specified. Because the upper Mach
constraint may now become active in this scenario, the throttle is
set as a control variable. In this case, the applied thrust is modulated
by the throttle setting, which allows us to examine whether the
full thrust assumption is really justified from an optimality point of
view. The position states and the pitch and roll controls are shown
in Figs. 8, 9, and 10, respectively.

In contrast to the preceding case, both the pitch and roll control
are unidirectional, which eliminates the snap-roll feature evident in
case A. One unexpected feature of the missile trajectory was a slight
bunt maneuver that requires a maximum height of approximately
164 m. Also, the missile drops to its minimum altitude constraint be-
fore the “mini-bunt.” This mini-bunt feature is due to the coupling of
the roll and pitch controls in a BTT system. To turn quickly near the
end of the trajectory in the ground plane, the missile needs a larger
pitch command that converts lift into sideforce via a large roll angle.
This is accomplished by climbing gradually and then invoking ap-
proximately 3.0 g of pitch demand after the apogee. This feature is
consistent with the expectation that with BTT a small turn radius
(associated with a steeper bank angle) is accompanied by a loss
of altitude. It is also evident that, in comparison with the preceding
case, to flip the missile at the apogee requires less sustained pitch de-
mand because the maximum height and maximum flight-path angle
are also reduced. By examination of the controls as the roll control
nears its 80-deg saturation limit, most of the lift generated by the
3.0-g peak pitch demand is converted to sideforce, and the missile
uses a combination of gravity and the small vertical component of
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Fig. 10 Downrange/crossrange profile and control (case B).

lift to turn in the vertical plane. This was confirmed by transforming
the applied acceleration into inertial axes and comparing the z com-
ponent of acceleration with the magnitude of the acceleration due
to gravity. The bunt maneuver could be suppressed by imposing a
maximum height constraint, but this would compromise the DBS
requirements.

Another important feature of this case is that the Mach constraint
becomes active before and during the climb because the climb is at a
relatively shallow flight-path angle (less than 3 deg). The throttle is
regulated to keep the missile’s speed up against the Mach boundary.
The missile also hits the target with an impact speed of Mach 0.91,
which is an improvement over the preceding case. This tight control
of the throttle setting (coordinated with the other two controls) is a
desirable property and is an indication that the optimization algo-
rithms are working properly. The throttle setting and Mach number
are displayed in Fig. 11 and the DBS azimuth angle and crossrange
resolution in Fig. 12. Note that the incidence angle increases sharply
with the 3.0-g pitch demand, resulting in increased drag during the
descent. The increase in drag is offset by a return to full throttle at
approximately 14 km downrange. Because the missile starts to gain
speed during the descent (under gravity), it is necessary to reduce
the throttle to stay on the Mach boundary. This is clearly evident in
Fig. 11 toward the end of the mission.

In comparison with case A, the total flight time is reduced by 5 s
due to a combination of the free impact angle and the controllable
throttle. Although the DBS azimuth angle is reduced compared with
case A, the crossrange resolution obtained is similar to case A. This
is through the higher speed V, and lower DBS elevation angle A
associated with the relaxed bunt.
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Fig. 13 Three-dimensional trajectory (case C).
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Fig. 12 DBS azimuth angle and crossrange resolution (case B).

C. Case C: 1-Kilometer Offset with Terminal Azimuth Angle
and DBS Short-Range Guidance

In the final example, a 1-km initial crossrange offset is imposed
with a steep terminal yaw angle constraint (Table 7). The terminal
yaw angle constraint forces the missile to overshoot the target in
crossrange before homing in along the desired approach direction,
that is, the missile must approach the target from its back. A further
significant difference over preceding cases studied is that we require
DBS to be used up to a much shorter range (approximately 500 m).
This is of interest because the requirements for the seeker tracking
and aimpoint optimization algorithms are eased if DBS can be used
up until the reduced range. The states and controls are shown in
Figs. 13-15.

The position plots in Fig. 15 show that after the missile reaches
its maximum crossrange offset (2.8 km), at 11 km downrange, the
flight path moves gradually back toward the target to maintain the
DBS azimuth angle up until a short range. This behavior is a direct
consequence of the short-range DBS requirement. The roll control
has a large initial transient that enforces a large change in heading.
A positive roll angle is then used over the first 6 km in downrange
to increase the missile position in crossrange. This is followed by
a gradual decrease in roll angle to approximately —45 deg of roll
angle that enforces the turn back toward the target. As with case A,
a snap roll is evident in the roll angle profile, though it is rather
more gradual and is negative to positive as a consequence of the
engagement geometry. In the terminal homing phase (13—15 km
downrange) the roll angle is close to saturation, but comes off of its
saturation boundary near the end of the flight. This reduction in the
roll angle is due to the impact angle constraint, which requires the
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Fig. 14 Downrange/altitude profile and control (case C).
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Fig. 15 Downrange/crossrange profile and control (case C).

use of more lift. The DBS azimuth angle and crossrange resolution
are displayed in Fig. 16, where the downrange axis is extended to
correspond to a 500-m range to go. Note that in Fig. 16 the DBS
azimuth angle passes through zero early in the trajectory, and so the
first 2 km in downrange is truncated to highlight the main features
of Fig. 16.

With the crossrange resolution expression [Eq. (39)] there are
two terms that are of importance at short ranges. The crossrange
resolution decreases linearly with range and inversely with the sine
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Table 8 Performance summary for test cases

Performance measures Case A Case B Case C
Max. height, m 1380 164 829
Final time, s 57.410 52.330 57.315
Exposure time, s 3391 14.91 25.6
Max. incidence, deg 11.39 3.81 9.71
Max. sideslip, deg 0.45 0.12 0.40
Resolution at 2 km, m 0.41,0.31,0.25 0.45, 0.34, 0.27 0.22,0.17,0.13
Resolution at 500 m, m 0.22,0.16,0.13
Minimum resolution, m 0.36, 0.27, 0.22 0.37,0.28, 0.22 0.21, 0.15, 0.12
Impact speed, ms™ 268 309.6 267.8
Min speed, ms™! 256 272 265.2
Max. climb angle, deg 19.09 2.85 13.03
Bunt range, km 8.32 4.50 6.48
Max. roll rate, deg/s 182 120 172
Final cost 2.3755 2.1099% 0.69857
Max. crossrange offset, m 1379 3000 1819
Heading impact angle, deg 64.1 52.97 —86.0
Flight-path impact angle, deg =175 —5.81 —45
Max. pitch gimbal angle, deg 44.50 18.26 39.79
2Cost function includes flight time penalty.
5 T T T T T is stated (rather than 2 km for the other cases) because this is the
% 4 =035 ] more relevant benchmark for this example. The maximum cross-
E —dt=0.4s range offset is referenced to the target position in the y direction
2 T\ a0 1 rather than the initial missile crossrange. The asterisk in Table 8
& of — indicates the use of the modified cost function in which the flight
g | | time penalty was included. In terms of imaging, the trajectories for
© o cases A and B are quite similar in terms of the crossrange resolution
S0 2050 0 050 o 0 aem0 8000 obtained. With case C the use of DBS up until short ranges results in
Downrange(m) much improved imaging performance with less than 0.25-m cross-
. range resolution obtained for all DBS integration periods. The speed
- ' ' ' ' ' ' profiles for cases A and C are quite similar (owing to the full thrust
g or i assumption). The exception is case B, where the mini-bunt results
310 1 in a modest climb angle and the thrust is regulated to stay on the up-
& -20f E per Mach boundary throughout the bunt maneuver. The maximum
£ o) ] sideslip observed is less than 2 deg for each case, which is consis-
2 sk i tent with the coordinated steering assumption. Larger roll rates and
o .
. . . . . ‘ fin angle deflections tend to occur at the start and end of the tra-
Fooo 4000 6000 8000 10000 12000 14000 16000 jectory, as well as at the snap roll, but otherwise these variables are

Downrange(m)

Fig. 16 DBS azimuth angle and crossrange resolution (case C).

of the DBS azimuth angle E, and so there may be some degradation
in resolution if E approaches zero while the range R is large. In
this example, E is large enough such that there is no degradation in
the crossrange resolution up to very short ranges (less than 300 m),
and the crossrange resolution stays approximately constant over the
2-km—-500-m range-to-go period. This is because the DBS azimuth
angle reduction is offset by the range reduction. Much improved
DBS imaging performance is observed compared with the preced-
ing cases (between a 0.1- and 0.2-m improvement in crossrange
resolution at 2 km compared with case A), and, unlike the other
cases, this trajectory permits the use of DBS up to 500-m range
to go with the same DBS integration period. Compared with the
other cases, the trajectory is also quite favorable in terms of the con-
trol action, the maximum height, and the exposure time. The more
aggressive groundplane trajectory does influence the impact angle
because a maximum height of 830 m is required for a relatively mod-
est impact angle (—45 deg). This suggests that for more aggressive
DBS trajectories, for example, trajectories requiring DBS guidance
to short ranges, the impact angle requirements should be relaxed,
otherwise the bunt range and exposure time will increase signifi-
cantly. The imposition of a terminal yaw angle constraint seems to
have benefits for DBS guidance because it increases the trajectory’s
curvature and the maximum crossrange offset. These both influence
the maximum angular offset developed.

D. Comparison of Cases
The performance in the three case studies is summarized in
Table 8. Note that for case C the crossrange resolution at 500 m

kept quite small throughout the trajectory. This is important for the
space stabilization of the seeker and the maintenance of sufficient
control surface authority with which to reject disturbances.

Apart from the imaging performance, the other aspect of the tra-
jectories that are of interest are the missile exposure time, the bunt
range, and the maximum height. The results suggest that bunt ranges
of between 6 and 8 km are required for impact angles of between
15 and 45 deg. However, this is dependent on the type of DBS tra-
jectory flown. For case C the impact angle would be improved (for
the same maximum height) if a less aggressive DBS trajectory were
flown. The results suggest that missile exposure times are likely to
be between 20 and 35 s, depending on the impact angle constraint.
For this particular airframe, the maximum incidence required is
approximately 11 deg for case A, which has the steepest terminal
flight-path angle (—75 deg). Although not stated in Table 8, the miss
distance and incidence at impact are very small, because these are
hard constraints in the optimization process.

V. Conclusions

A methodology for computing optimal terminal guidance trajec-
tories for air-to-surface guided missiles with radar imaging seekers
is presented. This guidance problem is demanding because the op-
timal trajectories have to satisfy terminal constraints for lethality
purposes as well as path constraints that are dictated by the missile
dynamics and the radar imaging system. The optimal trajectories are
characterized by a bunt maneuver, which is used to satisfy terminal
angle constraints as well as to minimize the missile’s exposure to
air-defense units. In addition, a crossrange offset may have to be
developed to achieve adequate crossrange resolution from the radar
imaging system. The missile airframe considered requires the use of
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BTT steering, which introduces some interesting tradeoffs because
the two controls are strongly coupled.

The guidance problem can be elegantly solved by recasting it
as an optimal control problem that can be solved using numerical
optimization. This solution framework allows the tradeoffs between
competing constraints to be examined, and it provides insight into
the nature of the optimal controls derived. The feasibility of using
DBS up to short ranges is also investigated. The results suggest that
the optimizer is able to resolve the various tradeoffs very effectively.

It is demonstrated that a bunt maneuver is beneficial for DBS tra-
jectories with BTT steering because the missile can use the increased
pitch commands associated with a bunt maneuver to decrease the ra-
dius of turn in the groundplane. This benefit is offset by the reduced
rate at which the missile can turn in the vertical plane, implying
that larger altitudes and longer exposure times may be needed for
an impact angle constrained flight plan. For DBS usage up to low
range to go distances, the missile has to make a tight terminal-phase
turn in its groundplane trajectory with the limit being set by gimbal
angle limits and the airframe maneuverability.

Extensions to this work concern the development of closed-loop
guidance laws for DBS imaging. The optimal trajectories gener-
ated in this study can be used as references for a trajectory tracking
controller. There are a variety of approaches to the closed-loop im-
plementation problem, and optimal preview control is one promising
method currently being studied.

Appendix: DBS Angle Calculations

In this Appendix, the angles between the velocity vector and
sightline in azimuth and elevation are briefly derived. First, we define
asightline vector that can be obtained from the missile/target relative
geometry:

Xo = Rs.x’ ([) - Rsx(tf) (Al)
Yo = Rsy ) — Rsy(tf) (A2)
Zo = Ry (1) — Ry (1) (A3)

It is convenient to normalize these by the range; hence,

Y N (A4)
Vs =y0/\/x§+y(2,+2(2, (A5)
Zg = Z(,/ X2+ y2422 (A6)

These components define a unit sightline vector of unit length. The
unit velocity vector in inertial axes is defined as

Vie=Vae/ (VA +VE+V2 (A7)
Vs/y = V»‘}'/ VAZ‘ + Vs%x + Vszz (A8)
Vsz = VJ‘Z/ Vs%( + szy + Vszz (A9)

Because the unit velocity vector and unit sightline vector are ex-
pressed in a common frame, the total angle between the two vectors
can be calculated by using a vector dot product. Because the vectors
are of unit length, then

Or =cos ™' (V/x, + V,ys + V.z) (A10)

This is the total angle between the velocity vector and the sightline.
To calculate the individual azimuth and elevation angles, the unit
sightline vector is first rotated into velocity axes. In component form,

Xgw = COS(y) cos(x)xs + cos(y) sin(x)ys — sin(y)z, (All)
YVsw = — Sin(X)xx + COS(X)yS (Alz)

Zsw = sin(y) cos(x)x, + sin(y) sin(x)ys + cos(y)z; (A13)

The azimuth and elevation DBS angles can then be calculated from

A =tan~" (zp//x2, + y2,) (A14)
8 = tan™" (Yyu /%50 (A15)
and it can be verified that
cos(®r) = cos(A) cos(E) (A16)
This completes the proof.
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